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I. Introduction
TH£ takeoff and climbout maneuver of a STOL aircraft
(a jet powered augmentor-wing vehicle) can produce noise
of great annoyance to the surrounding communities. The
object here is to determine flight profiles which will mini-
mize that annoyance. The perceived annoyance is de-
scribed by discrete measures of instantaneous noise as k
function of engine thrust and distance from the noise
source, and by weighting these noise measures according
to the population density, the sensitivity of the population
to its noise environment, and the duration of the noise.1
This annoyance function considers a finite number of lis-
teners located at intervals along the extended runway cen-
ter line.

Previously, dynamic programming was applied2'3 be-
cause it allowed inequality constraints in the control and/
or state to be included easily. However, the dynamic pro-
gramming approach limited the number of state variables
to two and the number of listeners to only one. In con-
trast, by using a steepest descent optimization proce-
dure,4 a particular STOL aircraft and the environment
can be described in more detail. That is, the present pro-
gram contains four state variables with teri listeners for
the two dimensional problem considered and five control
variables are modulated within given bounds. The perfor-
mance index is formulated such that it explicitly assigns
the same relative importance to thrust as it does to dis-
tances between discrete listeners and the aircraft. How-
ever, using a steepest descent optimization program, re-
sults indicate that it is preferable to keep the thrusters at
their maximum value to minimize the integrated an-
noyance rather than to reduce thrust which would lower
the instantaneous annoyance. Thrust decreases below its
bound only when the instantaneous noise at a listerier is
limited. Furthermore, from various initial conditions, the
vehicle settles quickly into a steady state of maximum
sustainable flight path angle; that is, the rate of change of
altitude with range is a maximum.

II. Formulation

The functional form of the performance index is

p/ = (i)
where i represents a particular listener for a total of h.
The integral J0, dt is the perceived annoyance, Pi is pop-
ulation density, Si is the sensitivity of the population to
its noise environment, and At* is the interval during
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which the noise is considered annoy ing. J The above per-
formance index is based on the physiological hypothesis
that an annoyance function is perceived through a time
integration tif the total noise environment.

The form of the perceived annoyance5 is
t.^ti

l f 'WPN*/K\dt (2)
° *

= K

where PNLi is Perceived Noise Level (PNdb); t0 is the time
constant used to normalize the duration of the instanta-
neous PNL (t0 = 10 sec); K is a constant determining du-
ration penalty (K = 10); and PNLi is a function of thrust,
T, and distance from aircraft to listener, Yt, given as

PNLi(T,Yi) = PNL(Y0} + APNL(T) + APjV£(Ff, T) (3)
PNL(Yo) is the reference noise level at a 200 ft radius
where the weight flow through the fan and the tip speed
of the fan blade are assumed for maximum thrust. The
value of 114 PNdb is chosen to represent a typical turbo-
fan design.1 APNL(T), the reduction in fan noise due to
reduced thrust, is chosen as 25 logio (T/TMAx)6. TMAX is
maximum sea -level thrust. This expression is reasonable
for a turbofan design with a moderate by-pass ratio i.e.,
1/6. &Pf!L(Yt,T), the reduction of PNdb as a function of
distance6 is given as

(4)

where a is chosen as 21.1056 to represent in flight fan
noise. 0 is proportional to the atmospheric humidity ab-
sorption coefficient and, therefore, is a function of the
fundamental frequency, /, of the fan. For a representative
turbofan engine, 0 = 1.069 X ID-3 + 8.6148 X iO-* /. At
full thrust / is chosen as f0 = 2500 Hz. At less than full
thrust /is reduced to f0 (T/TMAx)i/3 (Ref. 6).

The assumptions are: 1) that fan .noise dominates jet
noise,7 2) that fan noise is not highly directional i.e., a
spherical radiation model is used,8 and 3) that there are
no tonal concentrations. Given that noise field prediction
techniques are not well developed, the noise model pre-
sented above is felt to be a reasonable representation of
the noise sources.

1. Equations of Motion

The state variables are altitude, h, downrange, R, ve-
locity magnitude, V, and flight path angle, 7. The control
variables are arigle of attack, a, angle of incidence (jet en-
gine nozzle deflection), i, primary thrust, Tp, augmentor
trust, Ta§, and flap angle, dp (Fig. 1). The primary thrust

L(Ta) '

Fig» i Description of state and control variables.

jThe interval is taken as the time interval of the problem for
convenience in the following numerical results.

§The augmeritor thrust, Ta, does not appear explicitly in the
equations of motion, but is included in the lift and drag coeffi-
cients.
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and c augmentor thrust are assumed separately controlla-
ble. The thrust T is the sum of Tp and Ta.

The equations of motion of a point mass representation
of the vehicle are

h — V siny ; R = V cosy (5)

V = qg/{W/S)[Cj cos (a + i ) - CD] -g siny (6)

y = qg/(VW/S)[Cj sin(a + i) + CL]

where

CL=

= Tp/qS; Cj = Ta/qS (8)

. . . 0 )

The air density is p, the wing loading of the aircraft i&
W/S. Aerodynamic lift and drag are L and D, respectively.
The lift and drag coefficients, CL and CD, are calculated
by fitting data points to a poly nominal in factored form
using a Lagrangian interpolation method.9'10

2. Optimization Problem

The problem is to find the control variable histories
(Tp, Ta, a, i, dp) which minimize the annoyance function
over the time interval te [t0, tf] subject to the equations of
motion with specified initial conditions and the control
bounds; 0 < Tp < (TP)max; 0 < Ta < (Ta)max; imin < i <
Imax5 and «rt!in < a < amax- Furthermore, any function of
terminal values of the states or time tf can be con-
strained. An inflight constraint is placed on the maximum
allowable noise level at any listener as PNLt (Yt, T) < 95
PNdB. This constraint is a mixed function of the state
and control variables.

(B) GAMMA vs. DOWNRANGE / 50-- (E) PITCH vs. DOWNRANGE

V (t0) = 100 ft/<

h (t0) = 400 ft

r (t0) = 2280 ft

7 (t0) = 15.4°

0.5 1.0 1.5 2.0
DOWNRANGE (nmi)

At first, angle of attack was used as a control variable.
However, a phugoid motion developed which was difficult
to control. Using pitch angle, 6, as the control variable,
where B = y + a, the oscillation is eliminated. If constant
6 command is used then as 7 increases, a will decrease.
By Eq. (7) 7 is reduced so that the motion is stabilized.

Steepest descent4 is a first-order gradient optimization
algorithm that improves the performance index on each
iteration. Included is this steepest descent study are in-
flight inequality constraints on the control variables and
or state variables.4*11 Constraint functions which are only
functions of the control are included without any impor-
tant programming changes. However, for constraint func-
tions which explicitly contain the state variable and the
control variable, additional programming is necessary be-
cause on the constraint boundary the control is a function
of the state variable. Note that since pitch angle is the
control variable, the angle of attack is a function of pitch
angle and flight path angle. This angle of attack bound
adds the same complexity as does the hard bound on
PNLt.

To minimize the annoyance function using the steepest
descent formulation, each listener is represented by an
additional state equation g = 10(PNLi/K) so that Eq. (1)
becomes

PI = i6g10fe,/O]«. do)

Fig. 2 State and control Variables histories with maximum
PNL constrained to 95 PNdB, Tmax = 22,910 Ib.

The adjoint equations associated with the augmented
states gi are constants; thus, the addition of more listeners
is relatively simple and not costly in computer time. The
performance index can also be updated without much dif-
ficulty as better noise models become available.

III. Results

This analysis examines some general behavior patterns
of minimum noise takeoff trajectories for STOL aircraft.
In this context, minimum noise trajectories are obtained
from various initial conditions to a final altitude of 5000
ft.

In Fig. 2 the state and control histories are plotted
for the minimum noise trajectory using a maximum total
engine thrust of 22,910 Ib and initial conditions on the
state variables of h = 400 ft, V = 100 fps, 7 = 15.4°,
and R = 2280 ft. By modulating the pitch, angle of inci-
dence, and flap angle as shown in Figs. 2D, E, and G, the
vehicle settles into a state of maximum sustainable flight
path angle (7 = 30°). In this steady state condition the
pitch angle is about 35° and the angle of incidence is close
to zero. However, in order to keep the maximum PNL
constrained to 95PNdB, the primary thrust was radically
decreased from 15,870 Ib to 2000 Ib as it passed over lis-
tener one. It was seen that this caused only a slight in-
crease in overall annoyance in comparison with runs made
without the maximum PNL constraint. The angle of at-
tack is constrained to an upper bound of 15° during the
transient phase. While noise sensitive tracks for conven-
tional jet aircraft range from 4 to 8 miles, no significant
noise (70 PNdB is about the daytime background noise
level in a residential neighborhood) is detected beyond a
range of 2 miles.

At the end of each trajectory, a flare maneuver occurs
where the velocity goes to zero and the altitude rises
sharply. This occurs because the terminal condition was
chosen to be an altitude of 5000 ft to save computer time.
The program uses this flare to obtain a slight decrease in
the performance index. However, if the terminal altitude
were to be increased, the length of the steady-state climb
would also increase. Therefore, the flare maneuver can be
ignored and the trajectory assumed to end at the 5000 ft
altitude in the steady state.
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Minimum noise trajectories for ground takeoff to 5000-ft
terminal altitude were also generated for both the con-
strained noise and unconstrained noise cases. Again, max-
imum sustainable flight path angle is achieved in steady
state. .

However, due to the constraint on instantaneous an-
noyance, the maneuvers are quite severe and unrealistic.
Large thrust excursions occur when the noise is con-
strained to 95 PNdb at both microphone one (0.5 naut mile
ddwnrange) and microphone two (1 naut mile downrange).
In fact, if a microphone were placed 0.75 naut mile from
the runway (in addition to the 0.5-naut mile and 1.0-naut
mile locations), the instantaneous noise level constraint of
95 PNdB would be violated. This presents a case for con-
centrating more microphones at the beginning of the
ground track so that if the noise level constraint can be
satisfied it will be satisfied more uniformly along the
ground track, and hopefully a smoother trajectory would
be generated.

To compare the effect of microphone position, the un-
constrained ground takeoff case was repeated with all mi-
crophones shifted 0.5 naut mile downrange. Steady-state
conditions were the same in both cases, but the time to
reach steady state was less when the first microphone was
downrange 1.0 naut mile instead of 0.5 naut mile.

IV. Conclusions

A steepest descent optimization program is used to de-
termine minimum annoyance takeoff and climbout trajec-
tories for a STOL vehicle. Although the vehicle model and
annoyance function is quite sophisticated compared with
previous work, improvements may be made by including
in the annoyance function directional noise and disturbing
high frequency noise components. However, until better
noise field prediction techniques are developed, the re-
sults here are felt to give important trends. From various
initial conditions, the trajectory begins with an initial
transient which quickly settles into a steady state of max-
imum sustained flight path angle at full thrust. In the
case of bounded maximum noise, the thrust drops radical-
ly during the initial transient. These maneuvers are un-
realistic and might be softened with a slight increase
the noise bound. For some choices of initial conditions,
the angle-of-attack bound may be reached. This and the
noise bound, which are functionally dependent upon both
the state and control variables, are handled with only a
little additional complexity in the steepest descent prob-
lem.5 Thus, a far more sophisticated model is investigated
without the need of the computationally cumbersome dy-
namic programming.
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On the Inverse Calculation of the Mass Flow Parameter

THE mass flow parameters for one-dimensional internal
flow are related to the Mach number as

1 / 2

(D

(2)

where g is gravitation acceleration, R is the universal gas
constant, and 7 is the specific heat ratio. The mass flow
parameters in terms of static and total pressures respective-
ly are given as

ms=[W(Tt)l/2/PsAl mt=[W(Tt)l/2/PtA]
Here W = weight flow rate, Tt = total temperature, Ps,Pt =
static and total pressures respectively, and A = crqss sec-
tional flow area. The functional relationships between
Mach number and rns and m\ for air (y = 1.4) are shown in
Fig.l.
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Fig. 1 Mach number variation with total pressure and static
pressure mass flow parameters.
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